Abstract We introduce a new unified two-parameter {(ǫx, ǫt) |ǫx,t = ±1} wave model (simply called Q (n) ǫx,ǫt model), connecting integrable local and nonlocal vector nonlinear Schrödinger equations. The two-parameter (ǫx, ǫt) family also brings insight into a one-to-one connection between four points (ǫx, ǫt) (or complex numbers ǫx + iǫt) with {I, P, T , PT } symmetries for the first time. The Q (n) ǫx,ǫt model with (ǫx, ǫt) = (±1, 1) is shown to possess a Lax pair and infinite number of conservation laws, and to be PT symmetric. Moreover, the Hamiltonians with self-induced potentials are shown to be PT symmetric only for Q Introduction.-Some non-Hermitian parity-time (PT )-symmetric Hamiltonians have been found to possess entirely real spectra and drawn much attention [1] . Here the parity reflection operator P : p → −p, x → −x is linear whereas the time reflection operator T :
Introduction.-Some non-Hermitian parity-time (PT )-symmetric Hamiltonians have been found to possess entirely real spectra and drawn much attention [1] . Here the parity reflection operator P : p → −p, x → −x is linear whereas the time reflection operator T : p → −p, t → −t, i → −i is anti-linear [2] . Since p → −p is implied in rest both P and T symmetries, thus it is unnecessary such that P and T symmetries can be simplified as P : x → −x and T : (t, i) → (−t, −i) = −(t, i), where we cancel identical maps (t, i) → (t, i) in P and x → x in T . Therefore, we can rewrite a single PT -symmetric operator H(x, t) as PT H(x, t, i) = H(−x, −t, −i). For example, H(x, t, i) = p 2 + U (x, t) with U (x, t) = V (x, t) + iW (x, t) and V (x, t), W (x, t) ∈ R[x, t] is PTsymmetric, if the necessary (but not sufficient) condition V (x, t) = V (−x, −t) and W (x, t) = −W (−x, −t) holds. In particular, if the potential U (x, t) only depends on space x, i.e., U (x, t) = U (x) = V (x) + iW (x), then a necessary (but not sufficient) condition for PT -symmetry is that its real and imaginary parts are even and odd functions, respectively. For example, the Bender-Boettcher potential U (x) = x 2 (ix) ν [1] , the Scarff II potential [3] U (x) = v 0 sech 2 (x) + iw 0 sech(x) tanh(x), and the Rosen-Morse potential [4] U (x) = v 0 sech 2 (x) + iw 0 tanh(x) are all PT symmetric, where ν, v 0 , w 0 are real-valued parameters.
Except that some properties related to non-Hermitian PT -symmetric Hamiltonians with a wide class of potentials have attracted much attention from the theoretical view (see [5] [6] [7] [8] [9] [10] ), there have had some experiments to observe PT -symmetric phase transitions in optical couplers with Al x Ga 1−x [11] and Fe-doped LiNbO 3 [12] , respectively, microwave billiard [13] , and large-scale temporal lattices [14] , microring resonators [15] , a coherent perfect absorber with PT phase transition [16] . But it still an important subject to theoretically explore new PT -symmetric properties and PT -symmetric nonlinear waves. At the same time, it is also significant to find integrable PTsymmetric nonlinear wave models in the study of both PT -symmetric waves and integrable systems [17] .
A unified two-parameter physical model.-In this Letter, we introduce and investigate in detail a new unified two-parameter (ǫ x , ǫ t ) model (simply called Q
connecting local and new nonlocal vector nonlinear Schrödinger (NLS) equations, where
T is a complex-valued column vector, x, t ∈ R, ǫ x,t = ±1 are symmetric parameters, σ = ±1 denotes the real-valued self-focusing (−) and defocusing (+) nonlinear interactions, and Q † (ǫ x x, ǫ t t)
denotes the transpose conjugate of Q(ǫ x x, ǫ t t). The Q (n) ǫx,ǫt model exhibits four distinct waves for two-parameter family (ǫ x , ǫ t ) ∈ {(1, 1), (−1, 1), (1, −1), (−1, −1)}. The Q (n) +1,+1 model is local and just known integrable vector NLS equations, Q (n) +1,+1 model, including the Manakov system [18] [19] [20] . However, Q (n) ǫx,ǫt model (1) with (ǫ x , ǫ t ) ∈ {(−1, 1), (1, −1), (−1, −1)} is new and nonlocal. We find that the self-induced potentials Q † (ǫ x x, ǫ t t)Q(x, t) with (ǫ x , ǫ t ) ∈ {(−1, 1), (1, −1), (−1, −1)} may not be real-valued functions, and differ from the real-valued function
during evolution, however the total power of Eq. (1) defined by P ǫx,ǫt (t) = +∞ −∞ |Q(x, t)| 2 dx is not conserved * Electronic address: zyyan@mmrc.iss.ac.cn during evolution except that the power P +1,+1 (t) is conserved during evolution since dP ǫx,ǫt (t)/(dt) = −2iσ ×
. Therefore, Eq. (1) differs from the considered NLS equation with PT -symmetric potential [5] . Eq. (1) is associated with a variational principle δL/δq * j (ǫ x x, ǫ t t) = 0 (j = 1, 2, ..., n) with the Lagrangian density
In what follows we investigate the Q (n) ǫx,ǫt model with (ǫ x , ǫ t ) ∈ {(−1, 1), (1, −1), (−1, −1)} in details. Eq. (1) with n = 1 yields the nonlocal NLS equation (Q (1) ǫx,ǫt model)
where the star sands for complex conjugate, which with (ǫ x , ǫ t ) = (−1, 1) reduces to the known integrable nonlocal NLS equation presented recently in Ref. [21] . But Eq. (3) with (ǫ x , ǫ t ) ∈ {(1, −1), (−1, −1)} are both new. Eq. (1) with n = 2 yields new nonlocal vector NLS equations (Q (2) ǫx,ǫt model)
In fact, Eq. (1) with n > 1 are all new nonlocal vector NLS equations. In particular, Q
ǫx,ǫt model with (ǫ x , ǫ t ) = (1, 1) is just the well-known Manakov system [18] .
Lax pair and infinite number of conservation laws.-We consider the following linear spectral problem [20] 
where
T is a column eigenvector, λ ∈ C is a spectral parameter, the generalized Pauli matrix Σ 3 and potential matrix U are given by
where I n and 0 n are n × n unity and zero matrixes, respectively, and R(x, t) = (r 1 (x, t), r 2 (x, t), · · · , r n (x, t)) is a complex-valued row vector. The compatibility condition of Eqs. (5a) and (5b), Ψ xt = Ψ tx , leads to 2n-component nonlinear wave equations
System (6) reduces to vector NLS equations for the symmetric reduction R(
which corresponds to Eq. (1) with (ǫ x , ǫ t ) = (1, 1) including the Manakov system (n = 2) [18] . Now if we introduce a new unified two-parameter (ǫ x , ǫ t ) symmetric reduction
with (ǫ x , ǫ t ) = (−1, 1), then system (6) with Eq. (8) is just one type of the above-introduced new nonlocal equation (1) . Therefore, Lax pair of Eq. (1) is given by Eqs. (5a) and (5b) with new symmetric constraint (8) .
We introduce n new complex functions [22] 
ψn+1(x,t) (j = 1, 2, ..., n) in terms of n + 1 eigenfunctions ψ j (x, t) of Eqs. (5a) and (5b) such that we find that ω j (x, t) satisfy n-component Riccati equations
To solve Eq. (9) we here consider their asymptotic (in λ) solutions and assume their candidate solutions as power series expansions in parameter 2iλ, with unknown functions of space and time as coefficients in the form
Substituting it into Eq. (9) and comparing coefficients of terms (2iλ)
It follows from Eqs. (5a) and (5b) with condition (8) 
. Substituting Eq. (10) into the conversed Eq. (13) and comparing the coefficients of same terms λ j yields the infinite number of conservation laws. For example,
Thus Q (n) ǫx,ǫt model (1) is an integrable system for any parameter choice (ǫ x , ǫ t ) = (±1, 1). Notice that the inverse scattering method [20] can also be extended to solve Eq. (1) by means of its Lax pair (5a) and (5b) with (8), which will be given in another literature because of the page limit. Notice that the integrability of Q (n) ǫx,ǫt model (1) with (ǫ x , ǫ t ) = (±1, −1) is not known.
One-to-one connection between two-parameter family and PT symmetry and applications in Q
ǫx,ǫt models. In the following we will show that two-parameter (ǫ x , ǫ t ) family is also subtly related to PT symmetry. In the Introduction, we have simplified P abd T symmetries as P : (x, t, i) → (−x, t, i) and T : (x, t, i) → (x, −t, −i) in terms of three variables (x, t, i). Since mappings for t and i are always same in both P and T (i.e., P : (t, i) → (t, i) and T : (t, i) → (−t, −i) = −(t, i)). Thus we can introduce a 'new' variable τ = (t, i) such that P and T can be further simplified as P : x → −x, (τ → τ ) and T : (x → x), τ → −τ using two variables (x, τ ).
If the plane {(x, τ )} is regarded as a complex plane with x, τ being real and imaginary axes, respectively, then four points (ǫ x , ǫ t ) (ǫ x,t = ±1) correspond to complex numbers z 1 = 1 + i, z 2 = −1 + i, z 3 = −1 − i, z 4 = 1 − i such that z 2 = z 1 e iπ/2 , z 3 = z 2 e iπ/2 , z 4 = z 3 e iπ/2 , z 1 = z 4 e iπ/2 , z 3 = z 1 e iπ , z 4 = z 2 e iπ , that is to say, every number can be obtained form another number by mπ/2 counterclockwise (m ∈ Z + ) or clockwise (m ∈ Z − ) rotation (see Fig. 1 ), where Z + (Z − ) denotes the set of positive (negative) integers. Therefore we can perfectly establish a one-to-one connection from symmetries (rotations) among four points {(ǫ x , ǫ t )|ǫ x,t = ±1} in two-dimensional space (x, τ ) to {I, P, T , PT } symmetries of the operator H(x, τ ), where I is an identical operator (map) (see Fig. 1 ). The connection is new and simple to understand PT symmetry from the plane figure.
FIG. 1: (color online)
The one-to-one connection between symmetrility among four points (ǫx, ǫt) = (±1, ±1) in twodimensional space (x, τ ) and PT symmetry with H(ǫxx, ǫtτ ) ≡ H(ǫxx, ǫtt, ǫti). ±π/2 denote 90
• counterclockwise (−) and clockwise (+) rotations, respectively.
For the PT -symmetric invariance of (1 + 1)-dimensional multi-component equations with n distinct complex fields φ j (x, t) (j = 1, 2, · · · , n) we have where j = 1, 2, ..., (n + 1)/2 for n = 2Z + −1 and j = 1, 2, ..., n/2 for n = 2Z + . Notice that the above-mentioned PT -symmetric operator are also extended to the (n+1)-dimensional case where x is replaced by x = (x 1 , x 2 , ..., x n ) .
In the following we show the PT symmetrility of Q(ǫ x x, ǫ t t) model. For system (1) with n = 1, acting the PT -symmetric operator on the both side of Eq. (3) yields
which is equivalent to Eq. (3) since we know the PT relation q 1 (x, t) = q * 1 (−x, −t) and the deduced relation q 1 (−ǫ x x, −ǫ x t) = q * 1 (ǫ x x, ǫ t t). This implies that Eq. (3) is PT symmetric for any parameter choice. which is different from the invariance of the right-side operator of Eq. (3) with self-induced potential −∂ 2 x +2σq 1 (x, t)q * 1 (−x, t) under the usual sense of PT symmetry {x → −x, i → −i} [1] . Similarly, we can also show that new integrable local and nonlocal Q (n) ǫx,ǫt model (1) is PT symmetric for any integer n and two-parameter choice (ǫ x , ǫ t ) = (±1, ±1). Eq. (1) can be rewritten as iQ t (x, t) =Ĥ n (ǫ x x, ǫ t t)Q(x, t), where the Hamiltonian operatorĤ n with self-induced potential [23] is of the formĤ
Now we consider the PT symmetribility of Hamiltonian operatorsĤ n using relations in Fig. 1 (see Table I ). This indicates that only operatorĤ n (ǫ x x, ǫ t t) is T symmetric for (ǫ x , ǫ t ) = (1, −1) and only operatorĤ n (ǫ x x, ǫ t t) is PT symmetric for (ǫ x , ǫ t ) = (−1, −1). Notice that these terms including 'No' in Table I do not imply that those symmetries must not hold. They may admit some symmetries for some special potential Q(x, t).
Multi-linear and self-similar reductions.-For the given equation (1), if we can seek for some self-similar transformations reducing it to ones solved easily, then its solutions may be found. Here we have two special reductions, i) if q j (ǫ x x, ǫ t t) = q j (x, t), then Eq. (1) reduce to Eq. (7) whose solutions are known; ii) if q j (ǫ x x, ǫ t t) = −q j (x, t), then Eq. (1) reduce to Eq. (7) with σ replaced by −σ whose solutions are known. For example, if the solutions of Eq. (7) are even functions for space, then solutions of local Eq. (7) are also ones of Eq. (3). Now we consider rational transformations of Eq. (1)
where f (x, t), g j (x, t) ∈ C[x, t], which differ from the usual ones [24] such that we have multi-linear equations Bilinear eq. :
where µ ∈ C, G(x, t) = (g 1 (x, t), g 2 (x, t), ..., g n (x, t)) T and G † (ǫ x x, ǫ t t) is the transpose conjugate of G(ǫ x x, ǫ t t), D t and D x are both Hirota's bilinear operators defined by [24 
For the case (ǫ x , ǫ t ) = (1, 1) , we know that G † (ǫ x x, ǫ t t)G(x, t) is real-valuable function such that we can assume f (x, t) ∈ R[x, t] from Eq. (19) , which leads to f * (ǫ x x, ǫ t t) = f (x, t), in which Eq. (19) becomes a bilinear equation [24] . Multi-wave solutions of Eq. (1) can be found in terms of Eqs. (18)- (19) and series expansions of g j (x, t) and f (x, t). Here we give one-soliton solution of Eq. (1) with n = 1
where k ∈ C, ǫ x k * + k = 0, and k * is a complex conjugate of k. Now we apply the direct reduction method [25] to consider the self-similar solution of Eq. (1)
where 1, 2, ..., n) , and x, t ∈ R, which differs from one used in [21] where t > 0 is required. Thus we have the equation satisfied by p j (z)
via the substitution of Eq. (21) into Eq. (1), whereẑ = ǫ x x/ √ 2ǫ t t. Notice that i) when (ǫ x , ǫ t ) = (1, 1), we havê z = z and p * j (ẑ) = p * j (z) such that the self-similar reduction becomes the usual result; ii) when (ǫ x , ǫ t ) = (−1, 1) , we haveẑ = −z and p * j (ẑ) = p * j (−z) such that the self-similar reduction given by Eq. (21) and (22) with j = 1, t > 0 becomes the result [21] (notice that i should be −i in Eq. (30) of Ref. [21] ); iii) when (ǫ x , ǫ t ) = (1, −1), (−1, −1) , the self-similar reduction of Eq. (1) given by Eqs. (21) and (22) are new.
Similarly, we consider another self-similar solution of separating variables q j (x, t) = p j (x)e ωj √ −ǫtt , (j = 1, 2, ..., n)
, and x, t ∈ R. The substitution of this transformation into Eq. (1) yields
When (ǫ x , ǫ t ) = (−1, 1), (1, 1), we can assume p j (x) ∈ R[x], in which our result reduces to the know one [21] . Whereas (ǫ x , ǫ t ) = (1, −1), (−1, −1), we may not assume p j (x) ∈ R[x] from Eq. (23) and it should be a complex function. Other similar solutions of Eq. (1) may be found using Lie classical and non-classical symmetric methods [26] . Exact soliton solutions.-Some singular (breather) solutions of focusing (σ < 0) Eq. (3) had been found using the inverse scattering method [21] . In the following we present its some regular soliton solutions.
i) double-periodic and soliton solutions: Similarly, we have the double-periodic wave solutions of Eq. (3) with the focusing interaction σ < 0
where M = imk/2 4a 2 (1 − m 2 ) − m 4 k 2 /σ, m ∈ (0, 1) is the modulus of Jacobi elliptic functions, k, a are real parameters. In particular, for m → 1, we know that q 1cn (x, t) and q 1dn (x, t) both reduce to the bright soliton q 1b (x, t) = k/ √ −σ sech(kx)e ik 2 t [9] , q 1sn (x, t) reduces to the dark soliton q 1d (x, t) = k/ √ −σ tanh(kx)e −2ik
2 t [9] , and q 1scd (x, t) reduces to the new combination solution of q 1d (x, t) and q 1b (x, t)
where a, k are constants. We have q 1b (x, t) = q * 1b (−x, −t), but q 1b (x, t) ≡ q * 1b (−x, t) except for the trivial case k = 0. Thus the bright soliton is generalized PT -symmetric. We know q 1d (x, t) = −q * 1d (−x, −t), but q 1d (x, t) ≡ q * 1d (−x, t) except for the trivial case k = 0. Thus the dark soliton is not PT -symmetric. For a = 0, k > 2 √ −σa 2 and a = 0, q 1bd (x, t) is a dark soliton, but for a = 0, k < − √ k 2 − 4σa 2 , q 1bd (x, t) is a bright soliton. For a = 0, q 1bd is an neither even nor odd function for space x. For a = 0, q 1bd is an odd function for space x. We have q 1bd (x, t) = q * 1bd (−x, −t), but q 1bd (x, t) ≡ q * 1bd (−x, t) except for the trivial case k = 0. These double-periodic wave solutions also have similar PT -symmetric properties.
ii) multi-rogue wave solutions: We find that the multi-rogue wave solutions of the focusing NLS equation are both even for space (or under some transformations) [27] . Thus we have multi-rogue wave solutions of Eq. (3) with σ < 0 in terms of ones of the focusing NLS equation. For example, the first-order rogue wave (rogon) solution of Eq. (3) with σ < 0 is q 1rw (x, t) = 1 − 4(1+4it) 1+4x 2 +16t 2 e 2it .
Conclusion and discussion.-We have first introduced a unified two-parameter model from a new and simple twoparameter symmetric reduction of vector NLS system. The two-parameter model just connects one local and three nonlocal vector NLS equations. It is shown to possess a Lax pair and infinite number of conservation laws and to be PT symmetric. We also give its multi-linear form and some self-similar solutions as well as some explicitly exact regular solutions including bright and dark solitons, double-periodic wave solutions and multi-rogue wave solutions. Moreover, we also establish a one-to-one connection between a one-to-one connections between symmetribility of four points {(ǫ x , ǫ t )|ǫ x,t = ±1} and {I, P, T , PT } symmetries. The Q (n) ǫx,ǫt model related to vector NLS equations will provide more novel integrable models in integrable systems. In fact, the used two-parameter family can also be extended to the higher-dimensional [28] and discrete systems [20, 29] . For example, a unified new two-parameter discrete PT -symmetric vector model is generated iP n,t (t) = −P m+1 (t) + 2P m (t) − P m−1 (t) + σ j=1,2 P m+2−j (t)P † ǫxm (ǫ t t)P m+1−j (t) (26) with m ∈ Z, P m (t) = (p 1,m (t), p 2,m (t), ..., p n,m (t)) T and P † ǫxm (ǫ t t) being the transpose conjugate of P ǫxm (ǫ t t), which is regarded as an integrable discretization of Eq. (1).
We know that the introduced two-parameter family (ǫ x , ǫ t ) plays a central role in the study of both new integrable models and PT symmetry. In fact, we may consider more general two-parameter family as (ǫ x , ǫ t ) with ǫ x,t = ±1, ±i, (i = √ −1), thus we have sixteen possible two-parameter choices, i.e., (ǫ x , ǫ t ) ∈ {(1, 1), (−1, 1), (−1, −1), (−1, 1), (i, 1), (−i, 1), (−i, −1), (i, −1), (1, i), (−1, i), (−1, −i), (1, −i), (i, i), (−i, i) , (−i, −i), (i, −i)}, in which the first four components have been considered in Eq. (1) . For other twelve families of two-parameter choices, the PT symmetry may not be powerful and will be enlarged and the Q (n) ǫx,ǫt model may exhibit different integrability and wave structures. These will be studied in another literature.
